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Extreme Value 
Theory

Case 
Study

What is Flood Frequency 
Analysis (FFA)?

A technique used for predicting flow
values corresponding to specific return
periods or probabilities along a river

How is it performed?

The estimation of a design flood for a
given site is implemented fitting a
probability distribution to a record of
peak flows. This allows to achieve
parameters and quantiles estimates.

What probabilistic 
distributions are used?

Tipically, the use of two- or three-
parameter distributions is exploited.
Gumbel, Log-normal, Generalized
Extreme Value and Log-Pearson type III
are the most diffused distributions
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A  global perspective:









Another  global 
perspective:





In the meantime…





Image by Anthony Hearsey 
made from data from NASA’s FIRMS between 05/12/19 – 05/01/20. 

These are all the areas which have been affected by bushfires.

«Our house is on fire»
Greta Thunberg, World Economic Forum, Jan 2019











The hydrological Science 
perspective:





“Stationarity is dead because substantial anthropogenic change of Earth’s
climate is altering the means and extremes of precipitation,
evapotranspiration, and rates of discharge of rivers […]. Warming augments
atmospheric humidity and water transport. This increases precipitation, and
possibly flood risk, where prevailing atmospheric water-vapor fluxes
converge.”



“change does not imply nonstationarity 

and stationarity does not imply at all unchanging process state

nonstationarity necessarily needs to be described by a deterministic 
change of process statistics”



“ergodicity can always be assumed when there is stationarity,

while this assumption is fully justified by the theory if the system dynamics is
deterministic.

Conversely, if nonstationarity is assumed, then ergodicity cannot hold, which
forbids inference from data.”



An operational proposal:



The concepts of return period and risk are reformulated by 
extending the geometric distribution to allow for changing

exceeding probabilities over time



Return Period in nonstationary conditions

RETURN PERIOD

Expected Waiting Time

(EWT) 
(Olsen et al., 1988)

Expected Number of Events
(ENE)

(Parey et al., 2007,2010)



Stationary stochastic process

Nonstationary stochastic process



Nonstationary GEV



Expected Waiting Time interpretation (EWT)

“Expected waiting time until an exceedance occurs” (Olsen et al., 1988)



Du et al. (2015)



Question:

• How to detect and model non-
stationarity of flood probability ?



This study investigates the presence of trends in annual maximum daily 
streamflow data from the Global Runoff Data Centre database. 

The records were divided into three reference datasets representing different 
compromises between spatial coverage and minimum record length, followed 
by further filtering based on continent, Köppen-Weiger climate classification, 

presence of dams, forest cover changes and catchment size. 

Trends were evaluated using the Mann-Kendall nonparametric trend test at the 
10% significance level, combined with a field significance test.



Dataset A2 (3478 stations) comprises stations with at 
least

30 years annual maximum streamflow over the 1955–
2014

period (average record length of 47.6 years).

“… over the main reference period (dataset A1; 1966–2005), there were 7.1% 
of stations with statistically significant increasing trends, and 11.9% of 

stations with statistically significant decreasing trends. The percentage of 
stations exhibiting statistically significant increasing trends is consistent with 

the null hypothesis of no change on average across the global dataset, 
whereas the percentage of stations showing significant decreasing trends is 



“Despite potential concerns about data quality, one interesting pattern to 

emerge was that detected changes in annual maximum streamflow are 

inconsistent with the evidence of trends in precipitation. At the global scale, 
annual maximum precipitation intensities were found to have increased (Min 

et al., 2011) and a largescale increasing pattern in extreme precipitation was 

detected (Lehmann et al., 2015), with North America experiencing more 
increasing trends than decreasing trends in annual maximum precipitation 

(Westra et al., 2013). “

“… the changes in the flood hazard as assessed in this study do not explain 
observed increases in flood losses (Kundzewicz et al., 2013; Mills, 2005) or in 

the number of reported events (Munich Re, 2015; Swiss Re, 2015).“

“Further research is needed to quantify the contribution of catchment 
condition to the rainfall-runoff relationship at global and regional 
scales, including investigation of changes in other dimensions of 

flooding, such as their duration, volume, and intensity.”



✔ Parametric Vs nonparametric tests

✔ Test Power and of experiment design

✔ Trend and other parameters evaluation



MK: Mann-Kendall 

Nonparametric test with assigned null hypothesis

LR: Likelihood Ratio

Parametric test with assigned null hypothesis

AICR : Akaike Information Criterion 

Parametric test with not assigned null hypothesis

NHST (Null Hypothesis Significance Testing)



MANN-KENDALL TEST



AKAIKE INFORMATION CRITERION (AIC)

LIKELIHOOD RATIO TEST



Type I error: reject the true null hypothesis

Type II error: accept the false null hypothesis

Power: ability to reject the false null hypothesis

A little reminder…



Type I error: reject the true null hypothesis

Null hypothesis: the patient is not pregnant



Type II error: accept the false null hypothesis

Null hypothesis: the patient is not pregnant



Power

Null hypothesis: the patient is not pregnant





EVALUATION OF TESTS POWER 

The comparative evaluation of these different measures was carried out for
some values of the GEV shape ε (-0.4, 0, 0.4), and scale σ (10, 15, 20)
parameters, in order to evaluate also the Gumbel distribution. For each
combination of these parameters, we considered different sample sizes (30, 50
and 70).



EVALUATION OF AICR WITH AIC OR AICC

Sugiura (1978) 



Results



MANN-KENDALL TEST



MANN-KENDALL TEST

✔ It is not true that

nonparametric tests are 

independent from the 

parent distribution.



What about Power ?



DEPENDENCE OF POWER ON PARENT DISTRIBUTION 

PARAMETERS AND SAMPLE SIZE
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DEPENDENCE OF POWER ON PARENT DISTRIBUTION 

PARAMETERS AND SAMPLE SIZE

✔In a wide range of trend 
values, depending on the 
parent distribution and on 
sample size, the test power 
collapses to unacceptable 
values. 



“The interpretation of the meaning of the p value is 
therefore paramount in selecting its value and in 

guarding against cookbook application of statistical 
methods”



“It is not at all clear why researchers continue to 
ignore power analysis. The passive acceptance of 

this state of affairs by editors and reviewers is even 
more of a mistery.”



American Psychologist, 1994

“I argue herein that Null Hypothesis Significance 
Testing has not only failed to support the advance of 

psychology as a science but also has seriously 
impeded it.”

“Almost a quarter of a century ago, a couple of 
sociologists, Morrison and Henkel (1970), edited a 

book entitled The significance Test Controversy. […] 
Without exception, all contributors damned NHST”



The physical implication of a Type I or overpreparedness error in adaptation decisions for flood 

management is wasted money on unneeded infrastructure. 

The physical repercussions of a Type II or under-preparedness error are major flood damages 

due to inadequate protection.



A type II error (i.e., low power) in the 
context of an infrastructure

decision implies under-preparedness,

which is often an error much more 
costly to society than the type I error 

(overpreparedness). 



SAMPLE VARIABILITY OF PARENT 

DISTRIBUTION PARAMETERS



Case 
Study

How to develop the use of four-parameter distributions?

MORE MOTIVATIONS AND RESEARCH 
QUESTIONS

How to select the parent distribution ? TCEV and GEV or 
others and why ?

At-site or Regional Flood Frequency Analysis?

Which distributions are able to interprete floods phenomenology?

What is the uncertainty connected with these distributions?

Frequentist or  Bayesian approach to Inference?



Theoretical distributions of floods

Distribution of the number of exceedances

✔ Poissonian

✔ Binomial

✔ Negative 
Binomial

Distribution of the largest peak

✔ Exponential

✔ Generalised Pareto

✔ Weibull

✔ Gamma



Under the hypothesis that floods (or storms) can be generated by two
different phenomenological mechanisms, is then possible to assume that:

TCEV distribution is originated by a mixture of processes, characterized by
a Poisson distributed number of occurrences and an exponentially
distributed threshold magnitude.

TWO COMPONENT EXTREME VALUE (TCEV) DISTRIBUTION (Rossi et al., 1984)



AT-SITE ESTIMATION OF TCEV DISTRIBUTION: REVIEW

✔ Rossi et al. (1984): Introduction of TCEV in Flood Frequency Analysis, with a short focus

on the at-site parameters estimation

✔ Beran et al. (1986): definition of TCEV moments and PWMs

✔ Cunnane (1987): instability of at-site parameters estimation solutions

✔ Fiorentino et al. (1987): Maximum Entropy approach for parameters estimation

✔ Arnell and Beran (1988): L-Moments estimation

✔ Connell and Pearson (2001): least square estimation of parameters for annual

maximum series in New Zealand

TCEV has been employed in Regional Frequency Analysis of rainfalls and floods (e.g. 

Italy and Spain)

“…when the four parameters of the TCEV distribution are estimated from a single AFS,

the uncertainty is great, particularly as regards the parameters of the outlying

component. The uncertainty becomes extremely high for AFS’s without outliers…”

Rossi et al. (1984)



L-moments Ratio Diagram

After Hosking and Wallis (1997)



Basins in Southern Italy



Basins in Southern Italy



We need more Power…



BAYES’ THEOREM (1763)



BAYESIAN INFERENCE

George Kuczera



Cumulative Distribution Function with uncertainty



Metropolis-Hastings algorithm (1970)

Work in progress



Posterior parameters plot of TCEV 
(from a TCEV distributed sample)



Posterior parameters plot of TCEV 
(from a Gumbel distributed sample)

Non è possibile v isualizzare l'immagine.



Project 5 (P5) Dataset 

Annual maximum flood series (with more than 40 

records) were investigated for:

NEW SOUTH WALES

QUEENSLAND

NORTHERN TERRITORY
AUSTRALIA

These regions are characterized by a

wide gamma of climate conditions,

which ranges from tropical (in

Northern Territory) to alpine (in New

South Wales).

Several studies (e.g. Franks and

Kuczera, 2002; Micevski et al., 2006)

documented a multidecadal

variability for eastern Australian flood

data, with an alternance of dry and

wet epochs. This led scientists to

questioning the assumption that

flood peaks are independent and

identically distributed.



TCratio TEST: RESULTS

Bell Creek 

South Alligator 

River - El 

Sherana 



VISUAL INSPECTION - Quantiles



VISUAL INSPECTION – Confidence Intervals



Conclusions
A rigorous approach to long medium term flood prediction requires:

Power analysis as a mandatory task in NHST use;

A public debate about acceptable power value (0.95 ?);

Advantages of Parametric approaches to be ackowledged;

Statistical efficiency and uncertainty on trend evaluation to be checked;

Advances in knowledge and tecniques may exploit:

Enhanced Physical understanding of underlying phenomena at the basin scale;

Use of Distributions with physically based parameters;

Regional methods applied to detect nonstationarity;

Final remark:

Monitoring and recording discharge will always be crucial tasks. 



Thank you 
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